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A. S. Bakry,1 D. G. Pak,1, 2 P. M. Zhang,1, 3 and L. P. Zou1
1Institute of Modern Physics, Chinese Academy of Sciences, Lanzhou 730000, China
2Laboratory of Few Nucleon Systems, Institute for Nuclear Physics, Ulugbek, 100214, Uzbekistan
3State Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,
Chinese Academy of Sciences, Beijing 100190, China
The structure of finite energy non-monopole solutions with azimuthal magnetic flux of topological
origin is studied in the pure bosonic sector of the Weinberg-Salam model. Applying a variational
method we have found simple magnetic field configurations which minimize the energy functional
and possess energies of order 1 TeV. Such configurations correspond to composite bound states of
W,Z and Higgs bosons with essentially less energy in comparison to monopole like particles supposed
to be found at LHC.
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I. INTRODUCTION
The search for stable massive particles in collider ex-
periments has become of great importance [1]. Elec-
troweak monopoles represent one of the possible candi-
dates for new fundamental particles expected to be found
at LHC [2–4]. Known singular monopole solutions like
the Dirac monopole [5] and its generalizations [6–8] have
infinite energy, so the main characteristic of particles,
the mass, represents a free parameter which can not be
deduced from the theory. Moreover, it has been proved
that for a wide class of axially-symmetric magnetic fields
any finite energy monopole solution must have a to-
tally screened magnetic charge [9]. Another candidate
for a monopole-like particle is the so-called ”monopo-
lium” which represents a monopole-antimonopole bound
state. A known unstable sphaleron solution [10–12] might
provide a theoretical basis for the existence of such a
bound state due to interpretation of the sphaleron as a
monopole-antimonopole pair [9, 13].
In the present paper we consider properties of a possi-
ble magnetic solution with azimuthal magnetic flux. We
have found that energy of such a solution can be much
less than energy 7-8 TeV for monopole-like solutions
(Cho-Maisson monopole, sphaleron). Since the magnetic
field configuration with the azimuthal magnetic flux be-
longs to a general axially-symmetric class, to find a strict
solution one must solve a full set of highly non-linear par-
tial differential equations of motion which is currently
a difficult numeric problem. So we apply a variational
energy minimization procedure to obtain qualitative de-
scription of the energy density profile of the magnetic
solution. We have found two magnetic field configura-
tions minimizing the energy functional with energies 1.36
TeV and 0.98 TeV depending on the choice of boundary
conditions for the gauge fields and Higgs boson. Both
configurations have similar qualitative structure with en-
ergy density maximums located along two parallel rings
with centers on the Z-axis. We conjecture the existence
of such magnetic solutions which would correspond to
magnetic bound states of W,Z and Higgs bosons with
energies of order 1 TeV.
II. AXIALLY-SYMMETRIC ANSATZ
Let us start with the Lagrangian of the Weinberg-
Salam model describing the pure bosonic sector (we use
Greek letters for space-time indices, µ, ν = 0, 1, 2, 3, and
Latin letters for space vector and SU(2) internal indices,
a, b = 1, 2, 3)
L = −1
4
~F 2µν −
1
4
G2µν − |Dµφ|2 −
λ
2
(φ†φ− v
2
2
)2, (1)
where ~Fµν and Gµν are gauge field strengths, φ is the
Higgs complex scalar doublet and ~Aµ and Bµ are the
gauge potentials of the electroweak gauge group SU(2)×
UY (1). The Higgs field can be parameterized in terms
of a scalar field ρ(x), a unit complex SU(2) doublet ζ˜
and UY (1) field variable ω(x) in the exponential factor
as follows
φ =
1√
2
ρζ˜eiω(x), ζ˜+ζ˜ = 1. (2)
In the Weinberg-Salam model due to the presence of the
local UY (1) symmetry one can factorize UY (1) degree
of freedom by imposing a gauge ω(x) = 0. One should
stress that such a possibility is absent in a pure Yang-
Mills-Higgs model. This implies that the Higgs complex
field ζ˜ describes a two-dimensional sphere and admits
non-trivial homotopy groups π2,3(S
2) which provide nec-
essary conditions for finite energy monopole solutions at
least at space infinity [8]. Notice, the gauge fixing con-
dition ω = 0 is consistent with the unitary gauge for
the Higgs field. Moreover, the Weinberg-Salam model in
such a fixed gauge is equivalent to the original theory at
classical and quantum level within perturbation theory
due to absence of any ghosts. On the other hand, the
un-fixed field degree of freedom ω implies that the ho-
motopy group π2,3(S
2) represents in a fact a relative ho-
motopy, so the topological structures of the theory with
2fixed and un-fixed UY (1) symmetry are different. This
shows clearly the lack of deep understanding the origin
of the spontaneous symmetry breaking in the electroweak
theory.
In the previous paper we have shown that magnetic
field screening effect leads to non-existence of solutions
representing a system of single monopoles and anti-
monopoles [9]. So we will consider non-monopole solu-
tions which possess non-trivial magnetic fluxes of topo-
logical origin. We apply a gauge invariant decomposition
for the SU(2) gauge potential [14, 15] which allows to
trace the topological structure and features of the in-
teraction of the Higgs and gauge bosons. In particular,
we will show that interaction structure of the W,Z and
Higgs bosons implies essential total energy decrease for
magnetic solutions.
First we construct a unit triplet vector field mˆ explic-
itly through the Higgs field
mˆa =
1
|φ|2 φ
+~σaφ = ζ˜+~σaζ˜ , (3)
where ~σa are Pauli matrices. With this one can perform
gauge invariant decomposition of the SU(2) gauge po-
tential into Abelian and off-diagonal parts [14, 15]
~Aµ = Aµmˆ+ ~Cµ + ~Xµ,
~Cµ = −1
g
mˆ× ∂µmˆ, ( ~Xµ · mˆ) = 0, (4)
where the vector potential ~Cm is made of the Higgs vector
field mˆ, and ~Xµ represents two off-diagonal components
of the gauge potential ~Aµ. Respectively, one has the
following Abelian decomposition for the full SU(2) gauge
field strength
~Fµν = (Fµν +Hµν)mˆ+
Dˆµ ~Xν − Dˆν ~Xµ + g ~Xµ × ~Xν ,
Fµν = ∂µAν − ∂νAµ,
Hµν =
1
g
ǫabcmˆa∂µmˆ
b∂νmˆ
c = ∂µC˜ν − ∂νC˜µ, (5)
where C˜µ = 2iζ˜
+∂µζ˜ is a dual magnetic potential, and,
Dˆµ = ∂µ + Aµmˆ + ~Cµ is a restricted SU(2) covariant
derivative [14]. One can define an SU(2) gauge invari-
ant Abelian gauge potential Aµ and a respective Abelian
gauge field strength Fµν as follows [9]
Aµ = Aµ + C˜µ,
Aµ = ~Aµ · mˆ,
Fµν = Fµν +Hµν , (6)
where Fµν , Hµν are Maxwell type field strengths. One
should stress the importance of the introduced above
gauge invariant quantities Aµ and Fµν representing a
composite combination of SU(2) gauge bosons and Higgs.
Due to additive structure of the field strength it becomes
clear that contributions of the Higgs andW,Z bosons can
be mutually canceled under appropriate conditions. This
provides the origin of drastic energy decrease in solutions
as we will show below.
With this one can introduce the magnetic charge and
a generalized Chern-Simons number in invariant manner
with respect to local SU(2) gauge transformation
Qm = 1
A(S)
∫
S2
Fij · dσij ,
QCS = 1
32π2
∫
d3xǫijkAiFjk, (7)
where A(S) is the area of a closed two-dimensional sur-
face S2. A unique definition of the electromagnetic vector
potential and the neutral gauge Z-boson is given by the
following expressions
Aemµ = cos θWBµ + sin θWAµ,
Zµ = − sin θWBµ + cos θWAµ. (8)
A crucial feature of the gauge invariant decomposition
(4,5) is that Abelian projection of the gauge field strength
~Fµν onto the direction along the vector mˆ includes the
Abelian field Fµν and the magnetic field Hµν made of the
Higgs field in additive form. This implies the following
expression for the Yang-Mills part of the Weinberg-Salam
Lagrangian (1)
LSU(2) =
1
4
(Fµν +Hµν + gmˆ · [ ~Xµ × ~Xν ])2 +
1
4
(Dˆµ ~Xν − Dˆν ~Xµ)2. (9)
Obviously, the above would entail that the Abelian mag-
netic fields Fµν and Hµν can cancel partially each other
in local space regions, thus decreasing the total energy of
the field configuration.
For our further purpose it is convenient to express the
Higgs field mˆ in terms of one complex scalar function
using a standard stereographic projection
mˆ =
1
1 + u
∗
u


u+
∗
u
−i(u− ∗u)
u
∗
u −1

 ,
u =
ζ˜1
ζ˜2
. (10)
We will apply a most general ansatz for static axially-
symmetric magnetic fields [9] which includes axially-
symmetric gauge potentials Aµ(r, θ), ~Xµ(r, θ) and the
Higgs scalar ρ(r, θ) in spherical coordinates (r, 0 ≤
θ ≤ π, 0 ≤ ϕ ≤ 2π). For the Higgs vector mˆ we
adopt an ansatz with two independent field variables
f(r, θ), Q(r, θ)
u(r, θ, ϕ) = e−imϕ
(
cot(
nθ
2
)f(r, θ) + i csc(
nθ
2
)Q(r, θ)
)
,
(11)
3where integer numbers (m, n) determine the topological
monopole and Hopf charges of the vector field mˆ.
For convenience, the energy functional can be ex-
pressed in terms of dimensionless variables r → rmW ,
k ≡ 2
√
λ/g, ~Aµ → ~Aµg/mW , C˜µ → C˜µg/mW , Bµ →
Bµg
′/mW , ρ → ρ/v. The energy functional of the
Weinberg-Salam model for static magnetic fields would
then read
E =
mW
g2
∫
d3x
[1
4
~F 2mn +
1
4
κ~G2mn +
2|Dmφ|2 + k
2
2
(ρ2 − 1)2
]
, (12)
where κ =
g2
g′2
= 3.487, k2 = 2.418 and mW = 80.387
Gev , mH = 125 Gev, sin
2 θW = 0.22286. The numeric
value of the mass factor in front of the integral is
mW
g2
=
195 Gev.
III. A SIMPLE CP 1 MODEL
Before constructing possible magnetic solutions with
an azimuthal magnetic flux in the Weinberg-Salam
model, let us first overview a similar magnetic solution in
the CP 1 model obtained by reduction of the Weinberg-
Salam Lagrangian [9]. Using Abelian decomposition (4)
we set Aµ = ~Xµ = 0, and ρ = 1. With this we obtain
the following energy functional from (12)
ECP
1
=
mW
g2
∫
d3x
[1
4
H2mn +
1
2
~C2m
]
. (13)
The energy functional ECP
1
corresponds to a modified
Skyrme model where some exact finite energy solutions
have been obtained [16]. The existence of finite energy
stable solutions in the model determined by the energy
functional (13) is provided by Derrick’s theorem [17].
Simple scaling arguments imply that energy contribu-
tions from two terms in (13) are equalled. We make a fur-
ther simplification of the model by imposing a constraint
f(r, θ) = 1. Changing variable, Q(r, θ) = cot(
S(r, θ)
2
),
one can write down the equation of motion for S(r, θ) as
follows
(r2 cos2 θ + 4 sin2 θ sin2
S
2
)Srr + (
1
r2
sin2 θ sin2 S +
cos2 θ)Sθθ +
1
r2
sin2 θ sinS
(
cosSS2θ − 4 sin2
S
2
+
3 cot θ sinSSθ
)
+
1
4 sin θ
(cos θ + 3 cos(3θ))Sθ −
2 cos2 θ(sinS − rSr) + sin2 θ sinSSr = 0. (14)
Using finite energy condition one can find appropriate
boundary conditions
S(0, θ) = 0, S(∞, θ) = 2π. (15)
Note that only multiple of 2π values are allowed for
boundary conditions of S(r, θ). The chosen boundary
conditions (15) provide a topological azimuthal magnetic
flux 2π through the half plane P : {y = 0, x ≥ 0}. We
apply the numeric package COMSOL Multiphysics 3.5 to
solve the partial differential equation (14). The solution
for the function S(r, θ) is presented in Fig. 1.
FIG. 1: A three-dimensional plot for the solution S(r, θ) in
the CP 1 model.
FIG. 2: Energy density surface.
The energy density ECP 1 corresponding to the solu-
tion has two local maximums located on the Z-axis, Fig.
2. The energy is 18 TeV, and the energy contribution
from the first term in (13) is 51 % of the total energy in
agreement with the analytic estimate based on Derrick’s
theorem.
Existence of the exact numeric solution with the az-
imuthal magnetic flux in the Higgs subsector of the
Weinberg-Salam model provides a strong indication to
existence of a similar solution in the full theory where
the Higgs boson is dressed by gauge W,Z bosons. From
ordinary considerations the energy of such a solution is
expected to be of the same order. It is surprising, a
careful numeric analysis presented below leads to energy
estimate by one order less than 18 TeV.
4IV. MAGNETIC SOLUTION WITH
AZIMUTHAL MAGNETIC FLUX
Let us consider possible magnetic solutions with a
topological magnetic flux around the Z-axis in the pure
bosonic sector of the Weinberg-Salam model. We apply
a variational method to find field configurations which
minimize the energy functional (12) with boundary con-
ditions found from exact local solutions near the origin
and space infinity. For numeric purpose we change the
variable
Q(r, θ) =
1
G(r, θ)
− 1, (16)
and apply the following ansatz for static SU(2) gauge
potential in the temporal gauge ~A0 = 0
~Am = Ammˆ− mˆ× ∂mmˆW (r, θ). (17)
With additional constraints Ar = Br = 0 one has eight
trial functions f,G,W,Aθ, Aϕ, Bθ, Bϕ, ρ dependent on
two spherical coordinates (r, θ).
Note that, in [9] we have studied a magnetic field con-
figuration with azimuthal magnetic flux which minimizes
the energy functional of Yang-Mills-Higgs theory. The
energy estimate 4.3 TeV for such a field configuration
has been obtained in a special case when a constrained
ansatz for the Higgs vector field mˆ is applied, f(r, θ) = 1.
All known solutions in the Yang-Mills-Higgs theory and
in the Weinberg-Salam model (sphaleron, Cho-Maison
monopole, monopole-antimonopole etc.) are studied
within the Dashen-Hasslacher-Neveu (DHN) ansatz [10,
11] which contains the same constraint f(r, θ) = 1. It is
worth noting that the function f(r, θ) represents an in-
dependent degree of freedom of the Higgs boson and is
supposed to be determined dynamically by equations of
motion. So we conjecture that in general the field vari-
able f(r, θ) should be a non-trivial function. We will con-
sider two types of boundary conditions which correspond
to two different local solutions near the origin r = 0.
1. Type I boundary conditions
Full equations of motion of the Weinberg-Salam model
represent highly non-linear partial differential equations
for which the boundary value problem admits regular so-
lutions not for arbitrary boundary conditions. To find
proper boundary conditions one should solve equations
of motion near boundaries and check consistency with fi-
nite energy conditions. We will find local solutions to the
equations of motion of the Weinberg-Salam model in the
vicinity of the origin r = 0 and in the asymptotic infin-
ity r = ∞ region. Substituting Taylor series expansions
for the trial functions f,G,W,Aθ, Aϕ, Bθ, Bϕ, ρ into all
equations of motion one obtains the following local solu-
tion near the origin in lowest order approximation
f(r, θ) = 1− 2C1r2(5 cos2 θ − 1),
G(r, θ) =
6C1C2κr
3
ρ0
(5 cos2 θ − 1),
W (r, θ) = w0 +
(w0 − 1)r2
88
(23C3 + 11ρ0 + 20C3 cos(2θ)),
Aθ(r, θ) = C2κr
3 sin θ,
Aϕ(r, θ) = C3r
2 sin2 θ,
Bθ(r, θ) = C2r
3 sin θ,
Bϕ(r, θ) = −C3r2 sin2 θ,
ρ(r, θ) = ρ0 + r
2(C4 +
6C2κ
ρ0
+ 3C4 cos(2θ)), (18)
where Ci, w0, ρ0 are integration constants. We keep only
those independent integration constants for which the so-
lution satisfies the finite energy conditions and the sym-
metry under reflection z → −z. A local finite energy so-
lution in the asymptotic region at space infinity is given
by the following expressions
f(r, θ) = 1− 2C˜1 exp(−r),
G(r, θ) = 1 +
C˜2κ
r2
exp(−κr),
W (r, θ) = 1 +
C˜3(1 + r)
r
exp(−r),
Aθ(r, θ) = −C˜2κ exp(−κr) sin θ,
Aϕ(r, θ) = 1− cos(2θ)− C˜4
r
+ C˜5κ exp(−κr) sin2 θ,
Bθ(r, θ) = −C˜2 exp(−κr) sin θ,
Bϕ(r, θ) =
C˜4
r
+ C˜5 exp(−κr) sin2 θ,
ρ(r, θ) = 1 +
C˜6
r
exp(−kr),
κ
2 ≡ 1 + 1
κ
, (19)
where we keep only leading terms. Note that the solu-
tions for azimuthal potentials Aϕ, Bϕ include the term
C˜4
r
which provides long range behavior of the electromag-
netic potential and corresponds to the dipole magnetic
moment of the sphaleron solution. We will neglect this
term in setting boundary conditions since we are inter-
ested in the magnetic solution with only one, azimuthal,
non-vanishing magnetic field component. This can be
reached by setting the constraints
Aϕ + C˜ϕ = 0, Bϕ = 0. (20)
Notice, the above constraint has exactly the same struc-
ture as the gauge invariant quantity in (6). An additional
variational analysis with a non-vanishing trial function
for C˜ϕ shows that minimum of total energy is reached
precisely when the constraint (20) is fulfilled.
5The structure of the boundary conditions provides a
minimal topological magnetic flux 2π of the azimuthal
magnetic field through the half plane P : {y = 0, x ≥ 0}
Φϕ =
∫
drdθFrθ =
∫
drdθHrθ = 2π. (21)
In lowest order approximation we choose a simple radial
dependence for the trial functions except for the function
Aθ(r, θ). The gauge field Aθ(r, θ) provides a dominant
contribution to the azimuthal magnetic field, so we keep
two leading order terms in Fourier series expansion for
that function to ensure a non-vanishing value of the first
mode A
(1)
θ (r)
Aθ(r, θ) = A
(1)
θ (r) sin θ +A
(2)
θ (r) cos(2θ). (22)
With this setup we minimize the energy functional (12).
The obtained variational profiles for the trial functions
are shown in Fig. 3. The energy density in cylindrical
coordinates has two maximums shown in Fig. 4, which
correspond to two parallel circles coincided with the cen-
ter lines of two tori in Cartesian coordinates, Fig. 5a.
The total energy estimate is 1.36 TeV. The surfaces of
constant values for the energy density form tori or discs
according to energy density values, Figs. 5a, 5b. Low
FIG. 3: Trial functions: f -orange, G-green, W - dashed, A
(1)
θ
- cyan, A
(2)
θ
- red, Bθ - blue, ρ - pink
FIG. 4: Energy density in cylindrical coordinates (ρ, z).
resolution leading to seemed irregularities in Fig. 5b (de-
picted by small squares) is caused by insufficient com-
puter memory.
(a) (b)
FIG. 5: Three-dimensional contour plots for the energy den-
sity surfaces in Cartesian coordinates (X,Y,Z) for selected
values: EWS = 1.5, (a), and EWS = 0.157, (b).
2. Type II boundary conditions
The local solution to the Weinberg-Salam equations
near the origin r = 0 (18) is not unique. Instead of
Taylor series expansion for the trial functions one can
apply perturbation theory to construct approximate so-
lutions to the equations of motion. One can introduce
a small parameter α which can be associated with the
coupling constant g or g′ assuming they are small pa-
rameters. The perturbation theory with the parameter
α can be consistently constructed since we use the dimen-
sionless variables, so the couplings g, g′ are absorbed in
dimensionless field variables as in (12). With this a new
local solution near the origin can be obtained in the first
order of the perturbation theory
f(r, θ) = f0 + αC1(3 − f0)r,
G(r, θ) = G0 + αC1r,
W (r, θ) = w0 + αC2r
4 cos2 θ,
Aθ(r, θ) = α
C1(3− f0)ρ20
12
r3 sin θ,
Aϕ(r, θ) = αC3r
2 sin2 θ,
Bθ(r, θ) = −αC1(3− f0)ρ
2
0
12
r3 sin θ,
Bϕ(r, θ) = αC4r
2 sin2 θ,
ρ(r, θ) = ρ0 + αC5r
2
(
1 + 3 cos(2θ)
)
, (23)
where Ci, f0, G0, w0, ρ0 are integration constants. Note
that, due to the highly non-linear structure of the equa-
tions of motion to obtain the solution for f,W in first
order approximation one has to obtain solutions for other
functions up to the second order of the perturbation the-
ory. We present in the solution only terms of first order in
α and leading terms in Taylor series expansion. We retain
only those integration constants which provide the finite
energy condition and symmetry under reflection z → −z.
In addition, we set G0 = 0 whereas f0, w0, ρ0 are treated
as free variational parameters.
A local finite energy solution to Weinberg-Salam equa-
tions in the asymptotic region r ≃ ∞ is given by the
6same equations (19) as in the case of type I boundary
conditions. As in the previous section we impose con-
straints (20) implying only azimuthal non-vanishing mag-
netic field component. The corresponding total magnetic
flux around the Z-axis is 2π. We keep two leading order
terms in Fourier series expansion for the function Aθ as
in (22).
The results of the variational procedure of minimizing
the energy functional for the trial functions are presented
in Fig. 6.
FIG. 6: Trial functions: f -orange, G-green, W - dashed, A
(1)
θ
- cyan, A
(2)
θ
- red, Bθ - blue, ρ - pink
FIG. 7: Energy density in cylindrical coordinates (ρ, z).
Notice that the minimization procedure induces a zero
value for the parameter f0. We provide two types of
boundary values for the function f(r, θ) since a solution
with type I boundary conditions may exist even though
it might be rather unstable. The energy density profile in
cylindrical coordinates is plotted in Fig. 7. Qualitatively,
the picture for the energy density is similar to the one in
the case of a magnetic field configuration corresponding
to type I boundary conditions: two maximums of the
energy density are located along two circles with centers
on the Z-axis. A total energy is 0.98 TeV, which is much
less than the energy value 18 TeV of the magnetic field
solution in the CP 1 model. Let us consider the electric
current Jˆn which is responsible for the gauge invariant
Abelian magnetic field Fmn
Jˆn = −∂mFmn. (24)
In Fig. 8 we show that vector lines of the electric current
Jˆn have a regular structure which has been checked at
various scales in the interval r = (0.01, 30).
FIG. 8: Vector stream plot for the electric current Jˆn in the
plane (X,Z) in Cartesian coordinates.
Certainly, the energy minimization procedure based on
a restricted variational ansatz does not guarantee that
local solutions near the origin and at infinity will match
in the whole space. A rigorous approach should include
Fourier series expansion for all fifteen variational func-
tions within the most general axially-symmetric ansatz,
or one should solve a complicated system of PDEs which
has not been done so far except for cases of known solu-
tions described by DHN ansatz.
In conclusion, we have demonstrated that interaction
structure of the gauge and Higgs bosons implies exis-
tence of magnetic field configurations with energy upper
bound near 1 TeV which is essentially less than energy
of monopole like solutions in the Weinberg-Salam model.
This would give rise to an attractive possibility for search
of respective new bound states of W,Z and Higgs bosons
in concurrent experimental facilities.
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